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THE STABLE HOMOTOPY TYPES OF
STUNTED LENS SPACES MOD 4

HUAJIAN YANG

ABSTRACT. Let L7HF be the mod 4 stunted lens space L™ % /L"~1. Let v(m)
denote the exponent of 2 in m, and ¢(k) the number of integers j satisfying j =
0,1,2,4 (mod8), and 0 < j < k. In this paper we complete the classification
of the stable homotopy types of mod 4 stunted lens spaces. The main result
(Theorem 1.3 (i)) is that, under some appropriate conditions, L?1* and Lt*
are stably equivalent iff v(n —m) > ¢(k) + §, where § = —1,0 or 1.

1. INTRODUCTION

Let Ltk = [rtk/[n=1 and Ptk = prntk/pn=l be respectively the mod 4
stunted lens space and the stunted real projective space. Let v(m) denote the ex-
ponent of 2 in m, and ¢(k) the number of integers j satisfying j = 0,1, 2,4 (mod 8),
and 0 < j < k. Two stunted lens spaces L% and L™** are said to be sta-
bly equivalent, denoted by L"** ~ L™+F if there exists a homotopy equivalence
yN pntk yN+n=mm+k for some N.

Classification of the stable homotopy types of stunted real projective spaces was
begun by Feder, Gitler, and Mahowald in 1977 ([7]), and finished by Davis and
Mahowald in 1986 ([4]). For an odd prime p, the classification of mod p stunted
lens spaces was recently finished by Gonzalez ([9]). The classification of mod 2"
stunted lens spaces, in particular the mod 4 stunted lens spaces, has been a favorite
subject of some mathematicians for many years ([8], [11], [13], [14], [20]).

Let §(n,k) and €(n, k) be functions defined by the mod 4 values of n and the
mod 8 values of k, as given by the following tables:

k=) 4 5 6 7 k=1 0 1 2 3 4 5 6 7
n= n=
0 3 3 3 3 0 0O -1 -1 -1-1-1 0 O
1 3 3 3 4 1 o 0 -1 0 -1 0 0 1
3 3 4 4 2 0o -1 0 0 -1 -1 1 1
3 3 4 4 4 3 o o 0O o0 -1 1 1 1
Function e(n, k) Function §(n, k)
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Recall that L7** is S-coreducible if there exists a map f : SN LTF SN+ for
some N > 0 such that the composite SN+”—Z>ENLZ+]’“LSN+" is of degree one,
where i is the inclusion to the bottom cell. While L?** is S-reducible if there is a
map g : SNTHE SN Ltk for some N > 0 such that SNtk LN pntk 2, gN+ntk
is of degree one, where p is the standard projection. It is known that the S-dual
of L is EL:Z:}C_T Thus it is clear that L?** is S-coreducible iff its S-dual
DL™* is S-reducible.

In this paper we complete the classification of the stable homotopy types of mod
4 stunted lens spaces by giving proofs to the following Theorems 1.1-1.3. Here
Theorem 1.1 follows from the order of J(Ax — 2) in J(LF), the J-group of L*. In
Theorem 1.3, results for n = 2 (mod4) and k = 2,3,6,7 (mod8); n =3 (mod4)
and k = 2,5,6 (mod 8); can be found in [8, Theorem 1.6] and [13, Theorem 1].

Theorem 1.1. (i) Let 0 < k < 4. Then L% ~ L™** iff u(n —m) > 1 when
k=1, and 2 when k =2,3.
(ii) Let k > 4. Then L™** is S-coreducible (resp. S-reducible ) iff
o(k)+1 when k=0,1,4,5,6,7 (mod8),
(k) when k = 2,3 (mod 8).

(iil) Let k > 4. Suppose either LM% or LT s S-coreducible (or S-reducible).
Then L'HE ~ Lm+Fk jff

v(n) (resp. v(n+k+1)) > {

o(k)+1 when k=0,1,4,5,6,7 (mod8),

v(n —m) > { B
(k) when k = 2,3 (mod 8).

Theorem 1.2. Let 4 < k < 8. Suppose neither of L"+F, LMtk s S-coreducible
nor S-reducible. Then L"F ~ L™k iff u(n —m) > e(n, k).

Theorem 1.3. Let k > 8. Suppose neither of LIF LMtk s S-coreducible nor
S-reducible.
(1) If none of {v(n),v(m),v(n+k+1),v(m+k+1)} is

4b+2 when k = 8b+ 4, 5;
4b when k = 8b + 1;

then L'tk ~ LMk iff v(n —m) > ¢(k) + 6(n, k).

(ii) If one of {v(n),v(m),v(n+k+1),v(m+k+1)} is 4b+2 when k = 8b+4,5, or
is 4b when k = 8b+1, then L% ~ LM*F iff y(n—m) > 4b+3 when k = 8b+4, 5,
orv(n—m)>4b+1 when k =8b+ 1.

The paper is organized as follows. In section 2, we study the Adams operation 3
on K O-homology. Theorems 1.1-1.3 are proved in section 3 assuming sections 4-6.
Results in section 4 on J-homology and coextension will be used in section 6. In
section 6, we study the triviality of the composite

(14) By s SrmHIFt Al gl gintly 3 2l

where a,c,t are positive integers, and b > 0 is an appropriate integer such that
Lng}) is S-reducible, while 3, is the generator of ImJ on a t-stem. In section 5,
we study the Adams filtration of Bgp—1. As in [4], the determination of whether the

element 3, is null-homotopic will be crucial. J-homology, Adams spectral sequence
(ASS), and Mahowald’s table 8.1 in [16], will be used actively.
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The paper is substantially the author’s Ph.D thesis under Donald M Dayvis.
The author is very grateful to Professor Davis for his constant encouragement and
enthusiastic guidance. The author thanks the referee for many valuable suggestions,
and Dr. Kono for informing him of his result [13, Theorem 2 (ii)], which leads to
our Theorem 1.3 (ii) here.

2. KO-HOMOLOGY

Lemma 2.1. Let f : LMtk yn=m[m+k pe g stable equivalence and v(n—m) > 3.
(i) Let w € KO~ (S LR be of order 2¢. Suppose W3 (w) = 327+(n=m)/2,
and W3 (f*(w)) = 3% f*(w). Then v(n —m) > e — 1.
(ii) Let w € KOu4j—1(L2*) be of order 2¢. Suppose ¥3(w) = 372w and
W3 f, (w) =320 (=m)/2f (). Then v(in —m)>e—1.

Proof. Notice that (ii) is dual to (i). For (i), we have (3=(»~™)/2 — 1)w = 0 since
U3 f*(w) = f*(¥3(w)). Thus v(n —m) > e—1 by [1, Lemma 8.1]. |

Let L* be the mod 4 infinite lens space with a CW-structure as indicated in
[21, p. 91]. Tt is known that H*(L>;Z2) ~ Zs[u,v]/(u?), where degu = 1 and
degv = 2, satisfying

i i

Let p : P®—L> be the covering map. Then p induces a stable map PP+ n+k
denoted also by p. The following lemma is immediate.

Lemma 2.2. (i) The map p: P"tE— L™+ js of odd degree on even dimensional
cells, and even degree on odd dimensional cells.

(i) If m < 2n+1 < m+k, then p. : Hopyp1(PPHEZ)—Hop (LR Z) is a
monomorphism Zo—Zy, and ps : Hopoy (PR Zo)— Hop o (LMHF: Zg) s trivial,
while py : Hop (PR Zy)— Hop (LT Z) is an isomorphism.

(iii) If m < 2n < m + k, then p* : H*™(L™** Z)—H?"(P™**: Z) is an epi-
morphism Zy—Zs, and p* : H*" (L™, Zo)—H* (P™+F; Zy) is an isomorphism,
while p* : H?" L (LM+E: Zo)— H2 L (PR 7o) s trivial.

Lemma 2.3 ([20, 2.5]). Let {EY?,d,} be the Atiyah-Hirzebruch spectral sequence

(AHSS) for KO*(L},) with EYY = HP(L2: KOU(pt)). Then differentials dy™>" :
; dé,8k—1 . E;,8k—1_>E;+2,8k—2 and d§,8k—2 . Eé’gk_2—>E§+3’8k_4

are given by Sq° pa, Sq* and By Sq° respectively, where po is the mod 2 reduction,
and (o is the Bockstein operation associated with the exact sequence 0—Z—Z—
Z2—>0.

i,8k i+2,8k—1
Ey""—E,

Let 7 € KO(=) (or K(—)) denote the reduction of a vector bundle of 7. Let
A be the realification of the complex Hopf bundle & over LF. The next lemma is
from [14, Prop. 3.3 (2)] and [8, Theorem 2.5].

Lemma 2.4. (i) The order of &, in K(L*) is 20F/2+1,
(ii)If k > 4, then the order of (\x)" in KO(L¥) is

92+[k/2]=2i+1 if | =1 (mod 4) or k =4 (mod8),
92+[k/2]-2i otherwise.



4778 HUAJIAN YANG

For a given k, let F(X) be the subgroup of KOy (X) (or KO*(X)) of elements
of CW-filtrations > n in AHSS.

Lemma 2.5. KO(L?) ~ KO(L?) ~ Zy ® Zo.
Proof. By AHSS, we see that KO(L?) ~ KO(L3), and KO(L?) is of order 4. Thus

it suffices to show 2z = 0 for z € KO(L?). The left square

P B IS S

.|
gl 2, gt ., p2

commutes. Thus there exists a stable map f : L?—P? whose degrees on the top

and bottom cells are respectively 2 and 1. It is known that I/(VO(PQ) ~ Zy It

KO(L?) ~ Zy, then any element of KO(L?) from F'(L?) would be a generator,

and f* : KO(P%)—KO(L?) would be an isomorphism because f is of degree 1 on

the bottom cell. But it is not since f is of degree 2 on the top cell. O

We assume in the following that L7 is the base point if m > n. Suppose p
is either the composite Lk—>L’§b = §8b vy L’gb+1—>58b when 8 < k < 8+ 3, or
L’“—>L’§b+4 = §8b+dy L’gb+5—>5’8b+4 when 804+4 < k <8+ 7.

Theorem 2.6. Let g1,92 generate I/(VO(SSZ’), I/(VO(SSZ’H) respectively.

(i) If k = 8b, 8b+1, then there exists an odd integer a; and a stable vector bundle
m over S8 such that n; = aygi, and 271N\, = p*(2m). Moreover, 2471}, €
KO(L*) is of order 2 (resp. 4 ) if k = 8b (resp. 8b+1).

(ii) If k = 8b + 2, 8b+ 3, then there exists an odd integer as and a stable
vector bundle ny over S8 such that ny = asgy in I/(\é(SSb), and 2%°), = p*(4n2).
Moreover, 2%\, € I/(VO(L’“) is of order 2.

(i) If 804+ 4 < k < 8b+ 7, then there exists an odd integer as and a stable
vector bundle ng over S80+4 guch that N3 = asgs, and 24b+1}, — p*(ns). Moreover,
29413, € KO(L) is of order 4.

Proof. The orders of the claimed elements follows from Lemma 2.4.

Let { EP-9(3), dgi)}, i = 1,2, be respectively the AHSSs for K*(L*) and KO*(LF).
By [20, p. 240, (1)], elements of E5(i) survive to Eu if p+ ¢ =0 (mod 4).

Consider (i). By Lemma 2.4, 241\, is stably trivial over L8~!. Thus there is
a stable vector bundle w; over L, such that 241\ = pi(w1), where py : LF—LE,
is the standard projection. In this case L§, = S8 v L, | and I/(\é(ngbH) is either
trivial or Zs. Since 2%\, is trivial over L8 and is of order 2 over L8*t!, we see
that KO(S8+1)— KO(L3"*1) maps the generator to 24°),. Thus we can ignore
the part L§b+1 and let wy be the restriction of wy on S%. Then ws is not divisible

by 4, otherwise p*(ws) is trivial over L8 and p*(w;) € KO(LS*1) is of order < 2.
This is contrary to Lemma 2.4. Next we claim that we € 1?6(8817) is divisible by
2, which will imply (i). Note that 24~ )\, € F8. If ws, is not divisible by 2, then
24b=1); generates F%°/F8+1 ~ Z,. This means 24*)\;, is of order 2 in F8°/F8+1,
However, we will show that 242}, is trivial in F8/F8b+1,

Recall that 24 )\, is the realification of 24°¢,,, where &, is the complex Hopf bundle
over L*, and 2%%¢;, is stably trivial over L3~! by Lemma 2.4. Since 24*+1¢g,, is

stably trivial over L8711, 24%& corresponds to an element of E5” (1) of order 2.
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By [19, p. 304] the realification 7s;(K)(~ Z)—ns;(KO)(~ Z) is a multiplication
by 2, so is the morphism ES" %" (1)(~ Z4)— ES" % (2)(~ Z4). Therefore 24°),,
is trivial in F8/F8b+L,

Consider (ii). As in (i), we have an element w3 € I?é(L’gb = S§% v LE .,) such
that p*(w3) = 271\, and the restriction of w3 on S% is 2asg; € 1?6(581’) for
some odd integer az. By Lemma 2.5, 2ws is trivial over L, |, so we can choose
the desired 72 and as.

For (iii), notice that by Lemma 2.4, the bundle 24*+1)\, is stably trivial over

L83 and is of order 4 in KO(L8+4). Tt follows by a similar argument and the
fact that L, , = ST v LE .. O

Theorem 2.7. Suppose n £ 0 (mod4), and m > n+ 4. _
(i) The Adams operation W3 satisfies W3 (z) = 3% for x € KO™Y(L™).
(11) KO—4j (L:y,n) ~ Z/2a(m+4j,n+4j—l) D Z/2b(m+4j,n+4j—l)
where h(u) = [u/4] + [(u+4)/8] + [(u+ 7)/8], while a(u,v) and b(u,v) are defined
by
a(u,v) = h(u) = [(v+1)/4] = [(v+6)/8] = [(v +1)/8],
b(u,v) = [u/8] + [(u+6)/8] = [(v+7)/8] = [(v+5)/8],
satisfying a(u,v) > b(u,v).
(ili) There is an element in KO*(L{i*h) of order 2°® (the mazimum), where

Al+2 ift =8l
c(t)={4l+3 ift=81+1,80+2,8]+3;
Al+5 ift=81+4,81+5,8/46,8]+17.

Proof. Consider (i). Let {EP9 d,} be the AHSS for KO*(L"*+*). Since each
element of E5'? survives to Fo, when p + ¢ = 0 (mod 4), the morphism
KO (L™ —KO™*(L™)

is injective when n # 0 (mod 4) and m > n. Thus (i) follows from [14, Lemma 4.2].
Part (ii) is from [14, Theorem 2 (1)]. Here note that a(m + 8,n + 8) = a(m,n),
b(m 4+ 8,n+ 8) = b(m,n), and b(m + 4j,n+4j — 1) > 0 when m > n + 4. The
formula is even true for integer j < 0.
Consider (iii). First we have

u/2 if u=0,2,6 (mod8),
(u+1)/2 ifu=1,5(mod8),
(u—1)/2 ifu=3,7 (mod8),
u/2+1  if u=4 (mod8).

_ {QS(U) if u# 2,3 (mod8),

h(u) =

¢(u) —1 otherwise.

By (ii), there is an element of order 2*(“=2) in KO*(Li¥Tt). Let c(t) = a(t, —2).
Then
o(t)+2 ift#2,3 (mod8),

c(t) =h(t)+2= {qb(t) + 1 otherwise.
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Lemma 2.8. Let 45 + 1 > 4n + 2k.
(i) The Adams operation on KOuji1(LirT3%) satisfies (0% —1)(g) = 4g. If
2k — 1< 8, then 49 =0 for g € KO4j+1(LiZﬁk), If 2k — 1 > 8, then
KOy (L1p17) = 221"/ ¢ A e B,
where A = Zs if j —n even, and 0 otherwise; and

B Zs if4(5 —n)—2k=0,2 (mod3y),
o otherwise.

(i1) Suppose k > 5. Then each element x € KO4j+1(LiZI%k) is divisible by 4 if
x is in FA" 1 and is in the image of the projection
Pe t KOuj 1 (LY )= KOy (L3717,
Proof. Part (i) is from [14, Theorem 2 (2) and (5.10) (1)], where the summand A

is from the bottom cell, and B is from the cells near the top. For (ii), consider

the composite L1"F2F —; Liﬁﬁf% LjZﬁk, n' < n. With an appropriate n’ and

using (i), we can assume that the image of
KOuj1 (LY ) — KOy (L {T")

is in Z/2[C*+3)/4 @ B. Since k > 5, [(2k + 3)/4] > 3. Then (ii) follows from the
fact that x is of CW-filtration 4n + 1. O

3. PROOFS OF THEOREMS

It is known that if J((A — B)Ax) = 0 over L*, then Lgﬁ’”’C and ng”“ are Thom
spaces of J-equivalent vector bundles, therefore a stable equivalence exists. We call
a stable equivalence obtained in this way an equivalence (5), to distinguish from
those four equivalences in Theorem 3.2.

Proof of Theorem 1.1. When k > 0, L"* is not S-coreducible if n is odd, and L7+*
is not S-reducible if n + k is even. So (i) is immediate when k = 1. By Steenrod
operations, and noting that by Lemma 2.5 the order of Ay is 2 when k£ = 2,3, we
see that LHF ~ Lm+k iff y(n —m) > 2 when k = 2, 3.

Consider (ii) and (iii). Assume that L?** is S-coreducible (if S-reducible use
S-duality). By [3, Proposition 2.8], L7** is S-coreducible iff J(%A;) = 0, where .J
is the standard homomorphism KO(—)—J(—). By [8, Theorem 2.1], the order of
J(E\k) is

41 if k = 8l;

40+1 ifk=8l+1,80+2,80+ 3;

40+3 ifk=81+4,8+58+6,8/+7.
Hence we have (ii). For (iii), if L?T% ~ Lm** then L'** is S-coreducible iff L7+*
is S-coreducible, so the inequalities follow from (ii). Conversely, if the inequalities
in (iii) are satisfied, then an equivalence (5) exists. O

By Adams operation ¥® on K*(—), we have
Lemma 3.1 ([11, Theorem 1.1 and p. 292]). If Li** ~ LM+ then
v(n—m) = [(n+k)/2] = [n/2].

Proof of the necessity in Theorems 1.2 and 1.3. The necessity in Theorem 1.3 (ii)
follows from Lemma 5.11 (ii) (or [13, Theorem 2 (2), p. 699]). By Steenrod op-
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erations, we have v(n —m) > 3 when 4 < k < 7. The proof of the necessity in
Theorem 1.3 (i) follows from the following observations.

Suppose n = 0 (mod4). By Lemma 3.1, v(n —m) > 4l + 3 when k — 8/ = 7,6;
vin —m) > 4l + 2 when k — 8 = 5,4; v(n —m) > 4l + 1 when k — 8] = 3,2;
v(n —m) >4l when k — 8/ =1,0.

Suppose n = 1 (mod4). By Lemma 3.1, v(n —m) > 4l + 4 when k — 8] = T,
vin —m) > 41 + 3 when k — 8 = 6,5; v(n —m) > 4l + 2 when k — 8] = 4,3;
vin—m) >4l + 1 when k — 8/ =2,1; v(n — m) > 4l when k = 8.

Suppose n = 2 (mod 4). By Lemma 2.1, Theorem 2.7 (i), (iii), and using S-
duality, we have v(n — m) > 4l 4+ 4 when k — 8/ = 6, thus when &k — 8 = 7;
v(n —m) > 4l 4+ 2 when k — 8] = 2, thus when k — 8/ = 5,4,3. By Lemma 3.1,
v(n—m) >4l when k — 8/ =1,0.

Suppose n = 3 (mod4). By Lemma 2.1, Theorem 2.7 (i), (iii), we have v(n—m) >
41+ 4 when k — 8] = 5, thus when k — 81 = 7,6; v(n —m) > 41+ 2 when k — 8] = 2,
thus when k—8] = 3,4. By Lemma 3.1, v(n—m) > 4l+1, 4l when k—8/ =1, 0. O

Theorem 3.2. Suppose b > 0 in (1), and b > 1 in (2)-(4). Assume none of the
stunted lens spaces in question is S-coreducible or S-reducible.

(1) Lin8FT o L3m+80HT i y(dn — 4m) > 4b + 3;

(2) Ly F80Ts o LAmH8OTS ity (4n — 4m) > 4b+ 2 (or 4b+ 3 when Theorem 1.3
(ii) 4s satisfied );

(3) Ly T80+3 o Lym8hTS Gf y(dn — dm) > 4b+ 1;

(4) Lmt8eTY o pAMTSFL yr ) (4n — 4m) > 4b (or 4b+ 1 when Theorem 1.3 (ii)
is satisfied ).

We call a stable equivalence given by Theorem 3.2 (j), an equivalence (j). As-
suming the above theorem, we can complete the sufficiency in Theorems 1.2, 1.3.

Proof of the sufficiency in Theorem 1.2. (a) n =0 (mod4). If k =7, use an equiv-
alence (1). By removing from both sides of an equivalence Li4+" ~ LB the top
cell, the top two cells, top three cells respectively, we have the desired equivalences
for £k =6,5,4.

(b) n = 1 (mod4). If k = 7, use an equivalence (4) to get an equivalence
ij;”g ~ Li?g, then remove the top cell and the bottom cell from both sides of
that equivalence. If k = 6, remove the bottom cell from both sides of an equivalence
LiAT" ~ L35 given by an equivalence (1); if k = 5,4, remove respectively the
top cell, the top two cells from both sides of an equivalence Lj’ﬁﬂ ~ Ligﬂ.

(¢) n = 2 (mod4). If kK = 7,6, use an equivalence (5); if & = 5, remove the

bottom two cells from both sides of an equivalence L5 ~ LiB¥7 if k = 4,

remove the top cell from both sides of an equivalence L4317 ~ Libt7.

(d) n = 3 (mod4). If £k = 7, use an equivalence (4) and S-duality to get an
equivalence Liﬁi;l ~ Ligiél, then remove the bottom cell and the top cell; if

k = 6,5, remove respectively the top cell, the top two cells from both sides of an

equivalence Liﬁiéo ~ Ligiéo; if £ = 4, remove the bottom three cells from both
sides of an equivalence Liﬁ+7 ~ Lig‘” given by an equivalence (1). O
Proof of the sufficiency in Theorem 1.3. (a) n = 0 (mod4). If k = 7,6 (mod 8),
use equivalences (1); if k¥ = 5,4 (mod 8), use equivalences (2); if kK = 3,2 (mod8),

use equivalences (3); if k = 1,0 (mod 8), use equivalences (4).
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(b) n = 1 (mod4). If £ = 7 (mod8), use an equivalence (4), then remove
the bottom cell from both sides of that equivalence; if & = 6 (mod8), use an
equivalence (1) and S-duality; if & = 5 (mod8), remove the top cell from both
sides of an equivalence given by the case k = 6 (mod 8); if k¥ = 4 (mod8), use an
equivalence (2), then remove the bottom cell from both sides of that equivalence;
if K = 3 (mod38), remove the top cell from both sides of an equivalence given by
the case k = 4 (mod8); if k¥ = 2 (mod 8), use an equivalence (3) and S-duality; if
k =1 (mod8), remove the top cell from both sides of an equivalence given by the
case k = 2 (mod 8); if £ = 0 (mod 8), use an equivalence (4) and remove the bottom
cell from both sides of that equivalence.

() n =2 (mod4). If k = 7,6 (mod8), use equivalences (5); if k = 5,4 (mod 8),
use equivalences (2) and S-duality; if & = 3,2 (mod8), use equivalences (5); if
k =1,0 (mod8), use equivalences (4) and S-duality.

(d) n =3 (mod4). If £ =7 (mod 8), use an equivalence (4) and S-duality, then
remove the bottom cell from both sides of that equivalence; if £k = 6,5 (mod8),
remove respectively the top cell, the top two cells from both sides of an equivalence
given by the case k = 7 (mod8); if k¥ = 4 (mod8), use an equivalence (2) and
S-duality; if & = 3 (mod 8), remove the top cell from both sides of an equivalence
given by the case k = 4 (mod8); if £ = 2 (mod8), use an equivalence (5); if
k =1 (mod8), use an equivalence (3) and S-duality, then remove the bottom cell
from both sides of that equivalence; if k¥ = 0 (mod 8), use an equivalence (4) and
S-duality. O

Proof of Theorem 3.2. Maps will be stable here.
(1) LiF80HT  LAm 8T when v(4n — 4m) > 4b + 3.
Let A = Agp17. Note that Li" 8+ = 7(2n)), Li" =87 = T(2(n—m)\) and

LimT8HT — T(2m)). Since A*(2(n—m)Ax2mA) = 2n), where A : L8047 [80+7
L3+7 is the diagonal map, we have a map

T(2n\)—=T(2(n — m)A x 2mA) = T(2(n — m)A) AT (2mN),

namely a map f; : Li 80+ [n—m+8bHT A pAm+8b+T We may assume 4(n—m) >
0. Since v(4n — 4m) > 4b + 3, by Theorem 2.6 (iii), there is a stable vector
bundle 7 over S8+4 such that p*(2n) = 2(n — m)\, where p is the projection

I80+7_, ngﬂ — G8b+4 LSZIQ—»S%H. Thus we have a map

f2 . L4n—4m+8b+7 — T(Z(TL _ m)/\)—>T(277) _ S4n—4m UQQ e4n—4m+8b+4’

4n—4m

where ( is the image of 7 under the J-homomorphism 7Tgb+4(BO)—>7T§b+3, thus
8 = afgp+3 for some integer a. Let f3 be the composite

An+8b+7 f1 71 4An—4m+8b+7 Am+8b+7 f2Al [ qan—am An—4m+8b+4 Am+8b+7
L4n L4n—4m /\L4m (S U25€ )/\L4m .

Taking a C'W-approximation of f3, we get a map
f4 . Liz+8b+7_>z4(n—m) (Lim+8b+7 Uzsvasvas (e4m+8b+4 vVOMYV 64m-|—8b+7))

where C'M is the cone on the mod 4 Moore space M = §4m+8b+4 1 o4m+8b+5 - GQince
L8+ 45 not S-reducible, by Theorem 1.1, we have v(4m + 8b 4 8) < 4b + 3.
Thus by Lemma 6.2, the top part of the 3-part wedge splits off. By Lemma 5.7,
the next to top part CM also splits off. Consequently we have a projection

re E4(n—m) (L3z+8b+7 UZﬁ\/QB\/Zﬁ (e4m+8b+4 v OMV e4m+8b+7))

_yin—m) (Liz+8b+7 Usg e4m+8b+4)’
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which is the identity on the part L™ 8%, Let
fo=rfy: LinteHT__, sd(n—m) (LAm-+8b+T ), o Am+8b+dy
Taking the S-dual of f5, we have a map
g: X = (54 LT o) U2pva) e_4m_1_>24(n_m)L:iZ:§lﬁb—8'

Since L3" 87 is not S-coreducible, v(4n) < 4b + 3. By Lemma 6.2, the com-
posite

—am—2 28 q—4m—8b—5 9 sd(n—m)y—4n—1
S — S — X L n_sp—s

. . T —4m-—2 4(n—m) 7 —4n—1
isnull, so g : L=3m=2, —nin-mip=in—l  extends to

—4m— n—m) 1 —4n—
L—im—éb—s_’z4( )L—4n—éb—87
which is an equivalence below the top cell. We claim it is an equivalence.
If v(4n) = v(4m), then it follows from Lemma 5.11 (ii). Since v(4n—4m) > 4b+3,
the only possible case that v(4n) # v(4m) was when

v(dn) > v(4m) > 4b+3 or v(dm) > v(4dn) > 4b+ 3,

which would imply one of the original stunted lens spaces is S-coreducible.

(2) LiF80+5 o LAmT85 when v(4n — 4m) > 4b + 2.

If both v(4n) and v(4m) > 4b + 3, then an equivalence follows from case (1).
Suppose v(4n) < 4b + 2. By the diagonal map and then a CW-approximation, we
have a map

. 714n48b+5 4dn—4m (7 4m—+8b+5 4m—+8b+4 4m—+8b+5
fl : L4n —X (L4m U5V5 € Ve )

where 8 = afsp+3 for some integer a. By Lemma 6.1, the top part of the 2-part
wedge splits off, and we have a map fo : Ly T50F5 s yidn—dm ([ AmF8b+5, ) cdmt8b+4),

Let

—dm—8b—5 |, T —4m—2 —dm—1 _A(n—m) ] —4n—1
g: (s VLT3, ) Usva e M lopinmmipinTl o

be the dual of fo. By Lemmas 6.4 (iii), 6.5 (ii), and with an argument as in

. . —4m—2 4(n—m) 7 —4n—1
the previous case, we see that g : L”, "5, —X L=, "5 _¢ extends to a

map gs : L:iz:éb_ﬁ—ﬁ‘l(”_m)L:iZ:éb_ﬁ which is an equivalence below the top.
If v(4n) = v(4m), then an equivalence follows from Lemma 5.11 (ii). Since
v(4n — 4m) > 4b + 2, the only possible case that v(4n) # v(4m) is when

(3.3) v(dn) > v(dm) > 4b+2 or v(dm) > v(dn) > 4b+ 2.

If v(4n) and v(4m) both > 4b+ 2, then the one of the original stunted lens spaces
was S-coreducible.

If v(4n) (or v(4m)) is 4b+2, then the condition of (2) requires v(4n—4m) > 4b+3.
So (3.3) is ruled out.

(4) L8+t o LML when v(4n — 4m) > 4b.

First assume b > 1. By taking the diagonal map and then a CW-approximation,
we have a map

. 74n+4+8b+1 An—4m 4m+8b+1 4m—+8b 4m—+8b+1 4m+8b+1
fl : L4n —X (L4m \ €1 \ €g ))

Uzgvagve (€
where 3, 3" are respectively multiples of (gp_1,3s,. By Lemma 6.1, the top part
e} t8b L plits off, thus we have a map

f2 . Liz+8b+l_>24n—4m(ljiz+8b+l (e4m+8b Vi e4m+8b+1)).

Usgvgr
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. 4n+8b—1 4n—4 4m+8b+1 "o, 4n+8b—1 4n—4 4m~+8b
Let f3 : Ly, —yinTampy, and " : L, —XnTAm LT be the
appropriate restrictions of fs.
We can view Li" "% as the complex

4An+8b—1 4n+8b 4n+8b+1
Ly Ve ).

Ual Vaa (e

Let ¢ be the real Hopf bundle over P8, Since v(4n —4m) > 4b, both 4(n —m)¢ and
2(n—m)Agp_1 are trivial. Thus we have an equivalence f : Ppr8_534(n—m) pim-+8b

4(n—m)+8b

by the S-coreducibility of P4(n_m) and the map

4An+8b 4(n—m)+8b 4m+8b 4An—4m pdm+8b
Py —>P4(n_m) AP =3 P rTee.

Consider the diagram

’
4n+8b—1 o 4n+8b—1 1 4n+8b—1 P 4n+8b—1
S P4n - P4n L4n

Jrl Jrf/ lf” Jrf///
gantsp—1 o S(n—m) pdm+8b=1 _ 5(n—m)pm+8b P, pi(n—m)pdm-+8b

where o/, o are the attaching maps for the top cells of P{" 8% and x4(n—m) pim+8b,
and f’, f" are restrictions of f. Let o} be the attaching map for the top cell
of R4Hn=m) [Am+8 " Then both «; and o) are the attaching maps for the even
dimensional cells, by Lemma 2.2 (i) or the CW-structure given by [21, p. 91], we
have ay = pa’ and o = pa’’. Thus the composite of the bottom row is homotopic
to

GAn+8b—1 o1 Liz—i—sb—lﬂ) (n—m)  4m-+8b,

which is null-homotopic because f” extends to f. Here the commutativity of the
middle and the right squares is immediate, while the left follows from the existence
of f. Hence fs extends to a map fy : LinT80_ydn—dm pam+80+1 - which is an
equivalence on (4n + 8b)-skeletons, by Sq* and Lemma 5.11 (i).

On the other hand, it is well known that the first morphism in the exact sequence

2

S4n+8b—1) B T

7T4n+8b( (24(n—m) (Lim+8b+1 Uﬁ/ e4m+8b+1))

(24(n—m) (Liz+8b+1 (e4m+8b) vV e4m+8b+1 ))

i
—= T4n+8b Uzgv g/

is 0 since G is a multiple of Bgp_1.
Now that i.(fsas) = foas = 0, we conclude that fyae is null-homotopic. Thus
f1 extends to a map

g: Liz+8b+1_>z4(n—m) (Lim+8b+1 Ugr e4m+8b+1)
such that ¢* on H*(—;Z2) is an isomorphism on the part 24(”_’”)Li$+8b+1.

Taking the S-dual of g as in the final stage of (1) or (2), using Lemmas 5.10, 6.3
5.11 (ii), we have a desired equivalence.

Assume b = 1. By S-duality, it suffices to show Li'T3' ~ Lim*il. If both
v(4m + 12) and v(4n + 12) > 5, then an equivalence (5) follows because neither of
the spaces is S-reducible implies v(4m + 12) = v(4n 4+ 12) = 5. So we may assume
2<vy(dm+12) <4.

Case (a). Suppose both n and m are odd. Taking the diagonal and then a
CW-approximation, we have a map

. rdn+11 4(n—m) (7 4m+11 4m+10 Am+11 Am+11
Ji: L4n+2 -3 )(L4m+2 U2, v28,vp’ (e Ve V ey ))-
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Since 3 < v(4m + 12) < 4, by Lemmas 6.3 (ii), 5.10 the top parts e}t v ez 11
split off, and we have a map

. T4n+11 4(n—m 4m~+11 4m—+10
fo: Lt et mm (Lim it Ugg, e )-

Just as in (1), taking the S-dual and using Lemma 6.1, we have a desired equiva-
lence.

Case (b). Suppose both n and m are even. By S-duality, the statement that
Lyt ~ Lyt i when v(4(n — m)) > 4 is equivalent to that Lgﬁif’ ~ ngif’
when v(8(A — B)) > 4. By Case (a) and S-duality, we have an equivalence go :
ngﬁzg;+9_>28(,4—3)—25 L§:+9. Since 23 )\g is trivial over L7 and L§z+9 =T(2*\g),
we have a map

g1 L§5+9_>52° Uag, 62J+8
of Thom spaces. Let go be the composite

8A+13 8(A-B)+9 8B+13 90Nl 8(A—B)—2° 12°+9 8B+13
Lgata"—Lgia_p)y Nlgpia — X L5 N Lgp i

Al _ _
L5 (S3ATB Uy, SATBITE) A LIP3,

Taking a C'W-approximation, we have a map

BA+13__ s28(A—B) ([ 8B+13

93+ Lgaty (L§pis’ Uagpvag, (20112 v P09,

By Lemma 5.2, the top part of the 2-part wedge splits off, so we have map

. T8A+13_ 8(A—B) 7 8B+13 8B+12
9a: Lgyis =X ( )(LSB+4 Usg, 27712
inducing an isomorphism on H*(—; Z2) when restricted on the part ES(A_B)LSgI}l?’.

Let

_8B—13 ., 1 —8B—6 _8B—5 8(A—B) 7 —8A—5
gs: (S V LZgp"14) Uagrva € -5 )L—8A—14

be the S-dual of g4. Since g5|S™85~!3 is the degree one map into the (—8B — 13)-
cell of X8A-BI 78475 " we have (g5|/S~%5~1%).(467) = 0 by Lemma 5.10. Thus
g5|L:§g:?4 extends to a map L:Sg:i—@S(A_B)L:gﬁ:i, which is an equivalence
by Sq* and Lemma 5.11 (ii).

(3) LimF80+3 o LM T8 when v(4n — 4m) > 4b + 1.

Suppose b > 2. By S-duality, we can assume that both n and m are even. As in
(1), the diagonal map gives a map

. 74n+8b+3 4(n—m)+8b+3 4m+-8b+3
fu s LAp B [T RSES \ pamsiis,

Since v(4n—4m) > 4b+1, by Theorem 2.6 (ii), there is a stable vector bundle 1 over
S8 such that p*(4n) = 2(n—m)Asp+3, where p is the projection L8+3 —L8+3 g8,
Thus we have a map

o 4TI () = S Uy enmm S,

where 3 = afgp—1 for some integer a. Let
f3 — (f2 A 1)f1 . L32+8b+3_>(s4(n—m) Uas e4(n—m)+8b) A Li$+8b+3.
Taking a CW-approximation of fs, we have a map

f4 . Liz+8b+3_>24n—4m (Liz+8b+3 U4B\/46V4B (e4m+8b VCOMV e4m-|-8b+3))
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where CM is the cone on the mod 4 Moore space M = S4m+8b, edm+80+1 By
Lemma 6.3 (i), the top part of the 3-part wedge splits off. By Lemma 5.2, the next
to top part also splits off. Thus we have a map

. 74n+8b+3 4(n—m 4m~+8b+3 4m~+8b
fo : LA+t ptlnmm) ([omista ) ) gtomesb)

View LinT80H3 — LInH80=1 | nvas (€218 V ON V e 48043) where CN is the
cone on N = §4n48n |y, ednt8b+1 et fo o L8071 yd(nom) pIm+8bH3 16 the
map obtained by restricting f5 on the (4n 4 8b — 1)-skeleton.

As in (4), fea; = 0 in homotopy. Since 78,1 = fsp» by [16], and 433 = 3, we
have 43308s,—1 = 1°Bsp—1 = 0. So the first morphism in the exact sequence
[X, §in+sb-1) 4Bsp-1 X, E4(n—m)Lim+8b+3]L X, E4(n—m)(Lim+8b+3 Usg eAm+8by]

is null for X = 84 +8+2 Tt is also null for X = N by Lemma 5.2. Thus both fsae
and fgas are null-homotopic, and fg extends to a map over Liz+8b+3 which can be
required to be an equivalence by Lemma 5.11.

Suppose b = 1. By S-duality, we can assume that both n and m are odd. Thus
both v(4n + 12) and v(4m + 12) > 3. Using Lemma 6.3 (ii), and as for the case
b > 2, we can find an equivalence fg : L7 —xn4n—m) pam+il O

4. J-HOMOLOGY AND COEXTENSION

According to [5], the stable Adams operation 13 : bo—bo is defined and % — 1 :
bo—bo lifts to L4bsp. Let 0 : bo—X*bsp be the lift and J its fibre. There is a long
exact sequence

(4.1) —bspet1 (E1X) S T, (X)—boy (X) bsp, (21X ) —.

Use the fact that m(bo) = m(KO) ® Zyy if t > 0, and is 0 otherwise; while
m(5%bsp) = 1 (KO)®Z9) if t > 4, and is 0 otherwise, we can compute bo, (X) and
bsp. (X4 X) and 6, : bo.(X)—bsp.(X*X) in some cases. For example, if X = P27,
then both bos;—1(X) and bsp4j_1(E4X) are cyclic and 6, sends a generator to
2v()g, where g € bspsj—1(2*X) is a generator, this is because (¢° — 1)(z) =
2vN+25 (mod 2v0)*3) in bogj—1(X) and the projection bspsj—1(S4X)—bosj—_1(X)
is injective with image divisible by 4.

Let J : 7 (SO)—w} be the standard J-homomorphism. By [18, Theorem 1.1.13],
ImJ is cyclic with 2-component Zy/(2(k + 1)) when k = 3 (mod 8), and Z;
when & = 0,1 (mod8), and the Hurewicz map mj—m(J) is injective on Im.J.
Putting Bsp—1, Bsp+3, Bsp+1, generators of I'mJ, into the bottom cell, we get classes
in 7, (LR,

Lemma 4.2. Let b > 2 (i), and b > 1 in (ii)-(iv).
(i) 28sp—1 is null in J4A+8b(Liﬁﬂo) but not null in J4A+gb(Liﬁig),
(ii) For odd A, Bsp—1 is null in J4A+8b_2(PfA4j16) but not null in J4A+gb_2(Pfff15).

(iii) Bgp+s is null in J4A+gb+4(LiﬁﬁO) but not null in J4A+gb+4(Liﬁig).
(iv) If A is even, then [spr1 is null in J4A+gb+2(PffIf) but not null in

J4A+8b+2(PfA4:17)-

Proof. We just show (i) and (ii). The proofs for (iii) and (iv) are similar.

Consider (i). Since b > 2, there is a natural isomorphism f, : b04A+8b+1(LiﬁI}0)

~ bsp4A+gb+1(Z4Ljﬁﬁ0). By Lemma 2.8 (i), the morphism

. 4A+10 4744410
O bogayspr1(Lyaly ) —bspaayspr1 (B LyaT,)
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in (4.1) satisfies 0. (z) = 4f.(x) (mod 8). Note that 20 € J4A+8b(Liﬁﬂo) is from an
element z € bspy A+8b+1(24Liﬁﬂo), that is from the bottom cell corresponding to
the order 2 element 2’ € E3, 5 g, 4 in the AHSS for bsp*(E‘lLiﬁI}o). Let p be the
projection as in Lemma 2.8 (ii). Since 2’ survives in the AHSS for bsp, (D4L44+10),
z is in the image of p.. By Lemma 2.8 (ii), z is divisible by 4 and hence is hit
by 60.. So 243 is null in J4A+8b(LjﬁﬁO). However 23 is not null in J4A+gb(LiﬁiEf)
because all elements of bsp4A+gb+1(E4Liﬁﬁ) are of order < 4 by Lemma 2.8 (i),
thus are not hit by .. Finally the ds-differential on the unique nontrivial ele-
ment y of E2A+9,8(b_1) = H4A+9(Ljﬁig, J3(b—1)) = Zz in the AHSS for J, (Liﬁig)
is not zero. Thus J4A+8b+1(Liﬁig)-»JMJrng(Liﬁig) is surjective by exactness.
This together with the fact that 23 is nontrivial in J4A+8b(LiﬁI§) imply that the
boundary Jyaysp1(LiAts)—Jaarss(L3517) does not hit 28 € Joapsn(LiAT?),
and (i) follows.
Consider (ii). Note that the composite
bosAy8b—1 (Pffff)L bspaatsp—1 (St PiTS) —bosarso—1(Piats)

sends x to 8x. Thus (gp—1 is not null in J4A+8b_2(Pfff§) because

bosarso—1(Pias) = KOsarso—1(PiA1S) ~ Zs,
which implies that Ggp—1 is not hit by 6. However, b04A+8b_1(Pfff26) ~ Z1¢, hence
Bsp—1 1s hit by 6,. 0

Let E,.(X) be the E, term in ASS for m.(X). Given z € m.(X), let A(x) be
the Adams filtration of z. Let Ag(m.(X)) be the subgroup of m.(X) of classes of
Adams filtrations > k.

Lemma 4.3. Let n > a >b. Let I(n,a,b) be the image of the projection J.(L})—
J(LD).

(i) Suppose x : S™—L" satisfies A(x) > N and x € I(n,a,b) when put into
Jo(=). If the projection Ani1(Tm_1(S* 1)) —=Jm_1(S%71) is injective, and each
nontrivial element of E3*T" "1 (S*=1Y survives to a homotopy class when s > N+1,
then © coextends to a map z: S™—L"_| with A(z) > N.

(ii) If moreover the projection Ay (Tm (S¢™1))—Jpm (S%71) is surjective, then the
z in (i) can be chosen to be in I(n,a —1,b) when put into J.(—).

Proof. Consider (i). Here the idea is similar to [4, Lemma 6]. First the condition
implies that the boundary 9 : 7, (L2)—my,-1(S%"1) is null on z. By S-duality,
it suffices to show zo : L2711 —8="=1 the dual of x, extends to a map z’ :
L=¢ ,—S~™=! with A(2') > N. Let a be the attaching map for the top cell of
L~% . Since xg lifts to EYV, the N-stage of the stable Adams resolution of S~™~1,
and A(zoa) > N + 1, the only way that the composite zoa : ST 1 —EN fails to
be null-homotopic is that in the ASS for 7. (S°) there was a nontrivial differential
Egstm-atl_jpstrstrem=—a with s < N < s+ 7. But this is ruled out by the
condition.

Consider (ii). There exists y € J,,(L}) which is a coextension of the composite
SmELr—J A LY. So p(y) — z pulls back to J,,(S% 1), where p is the projection
Ly—L"_,. Pick up an element y’ € m,,(S?"!) with A(y’) > N, and p(y) — z =/
in J,,(S*1). Then 2z + v’ is the desired coextension. |
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5. ADAMS FILTRATION

By [17, Theorem 8.2], if ¢ > 11, then f§; has both the same Adams filtration in
m:(SY) and J;(S°) except when t = 8c—1. As indicated in [4, p. 344], the composite
G2N+8e=2 FEL G2N-1_, p2IV | has Adams filtration 4c — 2 for ¢ > 2.

Lemma 5.1. Suppose vin+1) =i,4c—1<i<4c+2and c>1. Leta=1i—
dc+1. Suppose eg : S"— P} 5., is the degree one map given by the S-reducibility.
Let v generate m,(S™), and O : Tn(Pr_g,. o) —Tn_1(Pr=8t]) the boundary. Then

d(eo) = =, where

2%Bgc—
. an—1 8c—1 n—8c n—8c n—8c+1
xS S _>Pn—8c—7_>Pn—8c—7 .

Here the third map is the inclusion, the second is given by the S-reducibility.

Proof. Choose m such that v(m) = i. Then Pm8¢tT = T(m¢), where £ is the
real Hopf bundle over P37, Then m¢ is stably trivial over P8¢~ As in The-
orem 2.6 (i), there is a stable vector bundle 7’ over S$% corresponding to a gen-
erator of 1?6(880) ® Z(2), such that p*(27n’) = mé&, where p is the composite
P8etT pSetT 5% in which the last map is given by the S-coreducibility. So we
have a map g : P84T 8™ Usag. €™+ of Thom spaces such that g* is in-
jective on H*(—;Zs2). By S-duality we have a map g : S" 78 Ugag,, , €"—P" g. 7
such that g, is injective on H,.(—;Zs3). By the diagram,

Wﬂ(sn) i) 7.rn_l(‘srn—féc)
- -
n 6 n—oc
Trn(Pn78c+2) I Tn—1 (Pn—880j71)
we have d(eg) = x with eg = ¢.(¢). This completes the proof. O

Lemma 5.2. Let M be the mod 4 Moore space with the bottom cell of dimension
0. Then A3([M,M]) =0, and the identity map 1 : M—M is of order 4.

Proof. Consider the exact sequence
(8%, M) [S", M]—[M, M]—[S°, M] [S°, M]
derived from the cofibre sequence S04, G0 81t gt
Then in the ASS for m.(M), we have E3*(M) = 0 by [18, Theorem 2.3.4, p.
63] when s > 2. So the only possible nontrivial elements of Ay([M, M]) are from
[S1, M]. By the exact sequence
(51, 8% 18", $°)=[S", M]—[$*, §') = [$", 8],

we see that each nontrivial element of F3 ’S+1(M ) supports a nontrivial ds-differen-

tial when s > 2. This implies A2([M, M]) = 0, and the order of 1 : M—M is of
order < 4. Therefore 1 : M— M must be of order 4 because Hy(M;Z) ~Zy. O

The filtration 4 maps between real stunted projective spaces are studied in detail
in [6], [15] and [17]. In the next lemma, ¢, ¢ and ¢ are the collapse map, the inclusion
and the identity.

Lemma 5.3. (i) ([6, Prop. 2.1], [15, Theorem 3.3]) Let m be odd, n even, m < n.
There is a stable map g : PR —Pn such that A(g) = 4, the composite Pi+8—
prAs 2, pr b, prts s 16, and g. : KOgj—1(Pot8)—KOse_1(PL) is an iso-

morphism for all k.
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(ii) [17, Lemma 7.15] There is a map g : Pygi7— Pyr—1 such that A(g) = 4, and
g E;t(P4k+7)—>E§+4’t+4(P4k_1) is an isomorphism in the ASS if 6s > t+14—4k.

Lemma 5.4. There exists an unstable map f : P887$"+1)+7—>88” Ung, €1 whose
restriction S —S%" U, 5. €21 induces a surjection on KO(—).

Proof. Since P3® = T(8¢7) and 8¢&; is trivial over P7, we see Pi% = S8 v PL5 in
the unstable case. The bundle 8¢5 over P is trivial on P7, so we have an 8-
dimensional bundle n over P{5. Let 1’ be the restriction of  on S®. The composite

PP — P = S§%Vv P®— S°
in the unstable case, induces a map
f:T(8n&5) = P§:+15—> T(ny') = e Ungs, eSn+1)

of Thom spaces, which is of degree one on the bottom cell.
Then the surjection follows from the fact that KO'(S%"*1D) = 0 in the exact
sequence below

KOO(sSn Uas, 68(n+1))—>KOO(58n)—>K01(58(n+1)).

Let X be a CW-complex, X™ its n-skeleton. Let X,"TF = Xn+k/ X",

Lemma 5.5. Let b be an integer. Suppose both f and g make the diagram

n J n+k P n+k
X" - X = X0

lb lf,g lb
7 k P +k
X - Xrtho oo X
commute, where i and p are respectively the inclusion and the projection. Then h =
f—g: X" X"k factors as XL X}Zﬂ“ﬁX"*‘k and X"tk xn t, xntk

Proof. The first factoring follows from the fact that the restriction of f —¢g on X"
is null, while the second factoring is implied by p(f — g) = 0. O

Lemma 5.6. There exists a map h : LgZﬁHLgﬁﬁ factoring as Lgﬁﬁ—ng%“ﬁ

2k+2 . T2k+2 7 2k+2 2k+2 _ p2k+2 P 2k+2
L5;77 such that 2 — h: Ly 77— L5, factors as Loy 1— Py T — Ly 1.

Proof. There is a map e such that the diagram

2k+1 4 2k+1 2k+2
S — S — L%_’_1

2 1 Jge
2k+1 2 2k+1 2k+2
S = S — Pyl

1 2 lp
2k+1 4 2k+1 2k+2
G2kl 5 g2kl L2k+1
commutes. By Lemma 5.5, the map h = 2 — €p is the desired. O

Lemma 5.7. Let 3 generate Im.J on the (8b+ 3)-stem. Let N = e*mT1u, efm+2,

If v(4m + 8b + 8) < 4b+ 2, then the composite

BA2
w: DSTINES N LSt

is null-homotopic, where the second map is the inclusion to Ly"? =S4 v N.
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Proof. By Lemma 5.6, the map NiNﬁLjﬂJrgb’w factors as N— Pgm+8b+7 L2,
L8 up to a map N—S*m 1 5 LM +847 where the second map is the degree
one map to the (4m + 1)-cell. Thus by [4, Prop. 4] and Lemma 6.1, it is null. O

Lemma 5.8. Leti=v(n+1).

(i) If 3 < i < 4b+1, then in ASS for m.(P" g ) elements in BT (PP o )
of Adams filtrations > 4b are hit by Adams differentials.

(ii) If 3 < i < 4b, then in ASS for m,(P!'_q,_¢) elements in ES’SJF"_l(Pg_Sb_S)
of Adams filtrations > 4b — 1 are hit by Adams differentials.

Proof. We just show (i). The proof for (ii) is similar. In ASS for 7. (P"~3"4) the
chart for BT~ (Pr=8* 1) is as follows.

Bs(Pyg5)
where the bottom class corresponds to s = 4b — 1. The chart for Eo(P""S%1) can
be obtained by using the pre-spectral sequence (PSS, [16, p. 26]) converging to
Eo(PP=31) with

Byt = Sh_ Bty (H(S"H), Z,),

and repeatedly using [16, table 8.1], the Adams periodicity, [2, Lemma 2.6.1], and
[18, Theorem 2.3.4, p. 63].

Case b = 1. Let 0 be the boundary 7, (S")—m,_1(P"},). Then by Lemma
5.1, 9(¢) is the class

. on—12'87 cn—8__ pn-8 n—7
x: S — ST =P T =P

when put into PI'"},, where a = i —3. Let y = 22~ %z. Then y is of Adams filtration
> 3. Since y is of Adams filtration 4 when put into J,_1(P"~/,), by the chart for
Ey*t N (proT)), y is of Adams filtration 4. This shows the case b = 1.
Case b > 2. Suppose (i) holds for b. We wish to show (i) holds for b+ 1.
If3<v(n+1) <4b+1, then it follows from the filtration 4 map g : p;;jélb_ﬁ_,
Pv?—_87(b+l)—6 and the fact that the filtration 4b element of Egb’4b+"_1(ng81b_6) is
hit by an Adams differential. So we may assume 4b+2 <v(n+1) <4(b+1)+ 1.
Part A. Assume (i) for b = 2. Suppose i = 4b + 2. Let s P86

be the S-dual of Pg—s(b-i-l)—ﬁ' By Lemma 5.4, there is an unstable map f :

P88b(b+1)+6—>88b Uap €31 and a stable vector bundle 7 over S® U,z €3+ such
that f*(n) is a 4-multiple of a generator in I/(\é(Sgb) when restricted on the bottom
cell S8. So (fp)*(n) = (m/2)&, where p is the projection Pg(b+1)+6—>P88b(b+1)+6.
Thus there is a map of Thom spaces fj : P;Ln//22+8(b+1)+6—>T(77). Taking the diagonal
and then a C'W-approximation, we have a composite

pr+8(b+1)+6 1, (" 22+8(b+1)+6 /\Pm//22+8(b+1)+6)(m+8(b+1)+6)

ﬁ) (T(ﬁ) /\T(n))(m+8(b+l)+6)
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m/248(b+1)+6 /\Sm/2 or Sm/2 /\Pm/2+8(b+l)+6 .

where the restriction of fy on P is

m/2 m/2
exactly fo as given above, and

(T(n) AT (1)) H8OHDHO) f g = S I2(T () /S™2 v T (1) / S™/2)

since b > 2. This observation is important to (5.9).
Let

. n " (n+1)/2—2
Qo+ mn(S™)—ma (B2 P )

and
ol

O s (8™ =M1 (Pr g4 1)—6)
be boundaries.
Let g1 and g be the S-duals of f1 and fo, a1 = 9o(¢). By S-duality, and as in
Lemma 5.1, we have
(59) 81(L) = 291*(011).
In general, let a = ¢ — 4b — 1, and consider the composite

PS40, prm/ 286 - pr/ 2 SGHDA6_py A A T(y),

m/2% m/2%
where Px//225+8(b+1)+6 Ao A Px//225+8(b+1)+6 is the smash product of 2¢ copies of
P;n//;: +8(b+1)+6 Taking a C'W-approximation and repeating the preceding argu-

ment, we have
01(t) = 2%g1, (1),
" ntl—(n a o (nt1)/29—2
where @ = do(r), and 8o : T (8"~ (SIS PENETE )
Let x = 2%, (a1). Then 247 = 2%g;_ (a;). By induction, «; is of Adams

(n+1)/2%—2
P(n+1)/2“—8b—7’

when projected to P:;__glb_G. Thus by the filtration 4 map again, we see that filtra-

tion > 4(b + 1) elements of E5’5+"_1(P:_8(b+1)_6) are hit by Adams differentials.
Moreover 04 (¢) is of Adams filtration 4(b + 1) when ¢ = 4(b+ 1).
Part B. Counsider (i) for b = 2. First assume v(m) = 5. As before we have an

unstable map f : P?2—5%Ug, €' and a stable vector bundle 7 over S®Ug, e'6, such

that (fp)*(n) = (m/2)¢. Let fo : P;ln//22+22—>T(n) be a map of the Thom spaces.

Taking the diagonal and then a C'W-approximation, we have

P;ln+22£> (P:://;Jr” A P;:L//22+22)(m+22)ﬁ> (T(n) /\T(n))(m+22)'

filtration 4b when projected to s0 g1, (1) is of Adams filtration 4b

Since 77(S°) is generated by 37, v(m/2) > 4 and (fo)* is injective on H*(—;Zs),
we see that a’ is odd in the following

T()[S™ = 573 Uy, /2416
by Sq®. This implies that the attaching map o’ indicated below
(T(n) AT ()22 /5™ = S™2((T(n) /™2 V T () /S™/2) Ugs €™/2419),
is null. Thus
(T () AT ()22 /5™ = ST () /™2 v T () /S™/2 v ™/2H10),
So in this case time (5.9) becomes

01(t) = 291, (1) + o,
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where xzy is in the image of Wn_l(Sn_16)—>7Tn_1(P::__212) induced by the degree
one map from S"16 to the (n — 16)-cell of P, with A(xg) > 4. Here oy =
(), Bo = (™) (BOFVZPIEYIAR Y and By 1w (S™) =1 (PRT)
are boundaries.

For 6 <i <9, we have

01(¢) = 2%(2g1, (1) + o)

a n at1_
where a = i — 5 and a1 = p(1) : 7, (S™)—m,_q (X1 (n+1)/2 HP((nLl))//;aH_;g).
Thus

81 (24_aL) = 25g1*(011) + 242170.

Since each element in 7,1 (P 52) is of order < 24, we see 2*zy = 0. So as before,
the proof follows from the filtration 4 map. Moreover if i = 9, then 0;(¢) is of
Adams filtration 8. O

Lemma 5.10. If 3 < v(4n) < 4b, then both composites

4n—2 408b—1  qan—8b—1 4n—1
S — S — Ly gp—as

4n—2 Bsb  qdn—8b—2 4n—1
S > S T
are null-homotopic.

Proof. Notice that the boundary 7y, _1(S*"8)— 7T4n_2(LiZ:§g:;) maps fgp—1
to

488y
gén—2 PsoV4PBsp—1 Gan—8b—2 \, gdn—8b—1 _ Liz:gg:%'
So in 7T4n_2(LiZ:éb_2) both the composites in question are equal. The lemma
follows from Lemma 5.8. O

We have repeatedly used the next lemma in section 3.

Lemma 5.11. Suppose neither the top cell of L"* nor of L™+F splits off. Let
g: Lntkyn=mpmtk pe an equivalence below the top cell.
(i) If g is of odd degree on the top cell, then g can be adjusted to an equivalence.
(i) Suppose vim +k+1)=v(n+k+1) =0 (mod4). Then g is of odd degree
on the top cell (hence an equivalence) <= v(im+k+1)=v(n+k+1).

Proof. Consider (i). The case when n+k is even is immediate. Assume n+k is odd.
Let a; and ay be the attaching maps for the top cells of L?T* and Y™ Lm+k,
Then tay = g«(aq) for an odd ¢. Note that ag is the image of an element of €
Tntk—1 (X"~ L™*=1) under the projection 7, (X~ LM Hr—1) g (Nn—m[mtk-1),
Consider the diagram
Sn-l—k—l e En—mLm—i-k—l
1 ¢

’
Sn+k—1 tay En—mLm-i-k—l.

Since t : Xr—mmtk_yin-mpm+tk is an equivalence, we can view tal (thus tas)
as the attaching map for the top cell of ¥»~™L™+k  Write tay as as. Then
as = g«(aq), and (i) follows.
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Consider (ii). Let 0 < d < k be an integer satisfying

8b if v(n+k+1) = 4b,
k—d=q8—4 ifv(n+k+1)=4b—1,4b—2,
8—7 fv(n+k+1)=4b-3.
Then by Theorem 1.1, LZIZH is S-reducible but LZIZ is not. Consider the map

g/ . Ln-l—k_)En—mLm—i-k

n+d m-+d
induced by g, and the diagram
q.
7Tn+k(5n+k) - 7Tn+k(5n+k)
81 Jra2

’
Tnk—1 (LI TR LN Togh—1 (S MLITEY),

Suppose v(m + k+1) =v(n+ k+1). As in Lemma 5.1, then 9;(eg), i = 1,2,
and ¢’ (91 (eo)) are the classes corresponding to ¢3;_; for the same e. L™+* is not
S-reducible implies that e3_1 is not null in 7, 1,_1 (X"~ LmT*=1). Therefore g’
(and hence g) must be of odd degree on the top cell.

If g is an equivalence, then so is ¢’. We have g/ (01(eg)) = da2(eg). This implies
vim+k+1)=v(n+k+1). O

6. TRIVIALITY OF 3y IN (1.4)

In this section, we study under some appropriate conditions the triviality of Bt
in (1.4) for B; = Bsp—1 or Psprs.

Lemma 6.1. Let b > 2 in (i), and b > 1 in (ii). Let 01, 02 be respectively the
boundaries T (Ljﬁiéo)—w*_l (L34T?), . (Ljﬁiéo)—w*_l (L34,

(i) Let 2¢*L be the order of Bgv—1)—1- There is an integeri such thate—1 <1i <e
and 2'Bgp—1)—1 coextends to a map xy : S4A+1+Sb—>LiﬁiéO satisfying A(x1) >
4(b—1) — 1, and 01(x1) = 21, where z is the composite S*A+80 "Z51 gaA+1_,

4A+2
L2 |

(ii) There is an integer i with 1 < i < 2 such that 2'Pgp—5 coextends to a map
o S4A+8b+5—>Liﬁi§O satisfying A(xe) > 4b— 2, and O2(2) = 22, where 29 is the
composite

GaA+8b+4 Pses S4A+1—>Liﬁ+l.

(iii) Both composites GAA+8b 21, Liﬁ”—*lﬁﬁ“o and G4A+SHTAZ, Liﬁﬂ_’
LA are null-homotopic.
Proof. Part (iii) is just a corollary of (i) and (ii).

Consider (i). Let 8 = fgy—1. By Lemma 4.2 (i), 28 is null in Jyarsp(L3471°)

but not null in J4A+8b(Lﬁi?)- So the only possible element in J4A+gb+1(Liﬁiéo)

that might hit 26 € J, (Liﬁﬁ) under the boundary

0 ¢ Jaaysrir (L3410 = Jaarse(LiaTD)
is from the top cell of Liﬁiéo, that is, there is an element x € J4A+gb+1(Liﬁiéo)
that is from a nontrivial element

2 _ 4A+10,
ug € E4A+1O,8(b—1)—1 - H4A+1O(L4A+3 vJS(b—l)—l)
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in AHSS satisfying d'(z) = 243 in J4A+8b(Liﬁﬁ). Let 2/0g(_1)—1 : S48+
S4A+10 correspond to ug, then e — 1 < i < e. Denote 2iﬁg(b_1)_1 also by uyg.

We want to coextend ug to a map x : S4A+8b+1—>Liﬁiéo with A(zy) > 4(b —
1) — 1. By [16, table 8.1], we see that when —1 <t <5,

Asp—1) (T36-1)4¢(5°)) = Ts(o-1)+¢ (5°)

is injective, and each nontrivial element of E5 75 ~D¥(90) survives to a homotopy

class in the image of J if s > 4(b — 1); moreover the projection

Agp—1)—1(Ts(p-1)+¢(S)) = s p—1)4++(S°)
is surjective when 0 < ¢ < 6. By repeatedly applying Lemma 4.3 (i) and (ii), we
have the desired coextension x1.
Next we show 01(x1) = 21 in 7T4A+gb(Lﬁ+2). Consider the Adams spectral

sequences for m,(L3417) and 7, (L34™?) and notice that

1
E;t(Liﬁif) _ ZEth7t(S4A+l+k)
k=0
and
E;’%Liﬁ“) _ Z EXtS’t(S4A+1+k).

0<k<2
By [16, table 8.1] and [18, Theorem 2.3.4, p.63], we get the charts for Eg’t(Ljﬁﬁ)
and E3"(L34572), where s > 4(b— 1) and 4A +8b <t — s < 4A +8b+ 1, as follows.

15
Ull U2 U1I‘U/2'

Es(Li3TY) E3(L{4A™)

where the bottom elements u1,us,v1 and ve are in the same position (t — s,s) =
(4A+8b,4(b—1)+1), and uy corresponds to Fg,—1 into 7T4A+gb(Liﬁﬁ), Uo Supports
a nontrivial d;-differential to S*4~! in the ASS for 7. (Lﬁ‘_"g). Also vg, v3 and vy
support nontrivial d;-differentials to S*4~2 in the ASS for m(Liﬁfg), so those
homotopy classes which vs, v3 and vs converge to, can not be in the image of ;.
Since 9'(z1) = 20 in J4A+8b(Liﬁﬁ) and A(d1(z1)) > 4(b— 1), we see that 0y (x1)
corresponds to 2v1, and hence 91 (z1) = 21 in 7T4A+8b(Ljﬁ+2) because n(z1) = 0,
while 7 is injective on the subgroup generated by classes corresponding to vs, vs
and vy. Here n = ;.

Consider (ii). Let 3 = Bgy+3. By Lemma 4.2 (iii), 3 is null in Jyatsp+4(L3571°)
but not null in J4A+gb+4(Li£igl)). So the only possible element in J4A+gb+4(LiﬁiéO)

that might hit 3 € J.(S*4*!) under the boundary

d': J4A+8b+5(Liﬁiéo)—)J4A+8b+4(S4A+l)

is from the top cell of Liﬁiéo, and there is an element x € J4A+8b+5(LiﬁIéo) that

. . 2 _ 4A+10, :
is from a nontrivial element uy € E4A+10)8(b_1)+3 = Hyav10(Lyats s Jsp—1)+3) in
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AHSS satisfying 0'(z) = 8 in Jyargpra (ST, Let

2iﬁs(b_1)+3 : S4A+8b+5—>S4A“°—>LiﬁI}§
correspond to ug, 1 < ¢ < 2. Consider the coextension of 2iﬁg(b_1)+3 in a larger
space Liﬁiéz since in ASS the F3 chart for Liﬁiéz will be simple. Denote
2iﬁg(b_1)+3 by ug. By applying Lemma 4.3 (i) and (ii) repeatedly, we can co-
extend uy to a map uq : S4A+8b+5—>Liﬁié2 with A(uy) > 4b — 2. In the ASS, the
chart for E5* (Ljﬁig) with s >4b—2and t — s =4A+ 8b+ 5 is as follows.

V1 ®® U2 u
E3(Li4ts") By (L™

where both v; and vy are in the position (¢ —s,s) = (4A+8b+5,4b— 2), v; corre-
sponds to an order 2 class in homotopy that coextends to Jya+su+5 (Lﬁiéz), and vy
corresponds to the image of 2773 3g;,_1 under w444 8p15(S*A ) —mya 18015 (Liﬁi?),
where 2¢ is the order of fBgp_1. If u; & I(4A + 12,4A + 6,4A + 2) when put into
J«(—), then u; = vy + evq for some e. Here the homotopy class to which v; survives
is also denoted by v;. Choose a new u; to be u; — eve. Then u; is a coextension of
ug with A(u1) =4b—2 and uy € I(4A + 12,4A+ 6,4A + 2) when put into J.(—).
Applying Lemma 4.3 (i) and (ii) repeatedly, we get the desired coextension ;.
Finally in the ASS the charts for B5*(L34"") and E5*(S*A+1), where s > 4b— 1
and t —s = 4A+ 8b+4, coincide as the right chart above, where u is in the position
(t —s,8) = (4A + 8b + 4,4b — 1) surviving to Bspis € Taarspra(SHF) or 2o €
7T4A+8b+4(Liﬁ+1)~ Since 8’(:1:2) = ﬂ in J4A+gb+4(S4A+l) and A(82(ZIJQ)) > 4b — 1,
there must hold 9z (z2) = 2. O

Lemma 6.2. (i) Let x3 be the composite S*A+80+2 fiary siA-tpt-l If
v(4A+8b+4) < 4b+ 2, then x3 is null-homotopic in T4a+8p+2 (Pffjfbw).

(i) Let x4 be the composite S4A+80+2 250 SHATI L LAY Ifuo(4A+8b+4) <
4b + 3, then x4 is null-homotopic in 7T4A+8b+2(Liﬁt2b+3).
Proof. Let 8 = Osp+s. Consider (i). The case v(4A + 8b+4) < 4b + 2 is from [4,
Proposition 5]. Assume v(4A+8b+4) = 4b+2. Let DP,4 53 = 5 pnt8b+7 where
v(n) = 4b + 2. Since PPH8FT = T(ng), where ¢ is the Hopf real line bundle over
P87 and v(n) = 4b+2, there is a stable vector bundle 5 over S84 corresponding
to a generator of 1?6(58“'4) ® Z2y and né = p*(n), where p is the projection
PSHT L pebi T g8+t PEVET 980+ Note that T(n) = S™ Ug e"+5+4. We have
amap f: PPT8+7 T (n) such that f* is injective on H*(—;Zs), and the induced
map PV T (n)/S™ is precisely the projection SnF8b+4y prfibty_, gnsb+d,
Thus by duality we have a map g : S*4~1 Ug eA+80+3, pIATETS gch that g, is
injective on H,(—; Zy) and the restriction of g on $*4~1 is the map S*4~1 —8§44-1y
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Pl4a=2 = pl-l There is a diagram

) _
S4A+8b+3) N 7T4A+8b+2(S4A )

9= J,g*
4A+8b+3 02 4A-1 4A—2
—  Taatsp+3(Pry ) —  Taatsp2(S VPATL)
GAA-1 Ug 64A+8b+3)

—  Taats+3(

—  Taayspt2(
g«

AA+8b+3
TaAa+sor2(Piatg )

T
—

whose rows are exact sequences. Then 01(¢) = 8, 02(9+(t)) = x3. This means
ivrs = 0 in m (PT343 and (i) follows.

Consider (ii). If v(4A + 8b+4) < 4b + 2, then (ii) follows from (i) by the map
p i PSS L L4803 Suppose v(4A + 8b+4) = 4b+ 3. Let A = Agp17 and
DL = L2847 Then v(n) = 4b+3. Thus 2\ is stably trivial over L3+3,
and 2\ = p*(2n), where 7 is a stable vector bundle over S8+* corresponding to a

generator of KO(S%+4) ® Z(2). Then the proof follows just as (i). O

Lemma 6.3. (i) Let v(4A+ 8b) =2 and b > 2. The composite
25 @ GATED=2 4Bsv-1 S4A—1_>L3£:}L

. L T 4A46
is null-homotopic in L, 4",.

(ii) If 3 < v(4A 4 8) < 4, then the composite z¥l : S4A+6 26, Al LAY s
null-homotopic in Ljﬁfz,

Proof. Consider (i). Let 9, 9" be respectively the boundaries from . (Pffi??),

T (L3415) to w*_l(Pfff%), Te1(L34T2). Let i be a suitable inclusion. Let 2§ be
the composite §4A+8¥=2 5 gaA-1_, pdd—l Then 25 = 2p(2%). Lemma 4.2 (ii)
implies zf is null in J4A+8b_2(Pffff) but not null in J4A+gb_2(PfA4jf). So each
element x € Jy A+8b_1(Pf1fi§ ) that is from the nontrivial element

w1 € By = Hiaro(PIAS: Jsp-1)41) = Za

in AHSS will satisfy d(z) = i.(25) when put into J.(P;472). By Lemma 4.3,
it is easy to see that w; : S*A+8b—1 Poeny 54446 coextends to a map ws :
SA+sb—1_, ptits of Adams filtration 4(b — 1). Thus A(O(w2)) > 4b — 3, so
J'(2p«(w2)) is of Adams filtration > 4b — 2, and 0'(2p«(w2)) = i.(x5) when
put into J,(Li4T2) because d(wa) = i.(x}) when put into J.(P;4"2) and be-
cause x5 = 2p(z}). In ASS the chart for Ey'(Li4T%) with s > 4b — 2 and
4A+8h—2<t—s<4A+48b—1is given in the below

U1

Ea(Liat))
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where vy is in the position (¢ —s, s) = (4A+8b—2,4b—2) surviving to an element in

J.(L3472) of Adams filtration 4b—2. Since A(i.(x5)) = 4b—1, &' (2p. (ws)) = ix(x5)

because 7(x5) = 0, while 7 is injective on classes to which vy and vs converge.
Consider (ii). As in Lemma 6.2, if v(4A + 8) = 3 the composite

GAA+6 B7 S4A—1_>P£LA41-47

is null-homotopic and (ii) follows by the map p. The case v(4A 4+ 8) = 4 can be
proved in the same way by noting that ((44+8)/2)A1; is stably trivial over L7. O

Lemma 6.4. (i) There is a map ip : S*~1 U, e4A+1—>Pf‘ff21 such that g, on
H.(—;Zs) is injective.

(ii) S2A+8b+2 Totl GAAYY cocptends to a map w : SAATEFZ_, gaA-T | edAFL
such that A(w) > 4b, and (pig)«(w) = z in m.(L34TL), where z is the composite

GAA+8b+2 Psies GaA-1 | gaA-1,, g4A-2 _ L4471 44+l

(iti) If v(4A 4 8b+4) = 2, then igw is null-homotopic in m.(P4T8) (hence 2 is
null-homotopic in m.(L415) ).
Proof. Consider (i). Let DP{4") = S PZE+3 = R T(2B¢), where ¢ is the real Hopf
bundle over P3. There is a stable vector bundle 1’ over S? corresponding to the
generator of KO(S2) with p* (') = 2BE. So we have a map f; : PIETR LT () =
S$2B U, e2B+2 inducing a monomorphism on H*(—;Zs), where n = ;. Thus (i)
follows by duality.

The first half of (ii) is from [4, Lemma 6] by applying the map iy. Consider the
second half. In the ASS, the chart for E§7t (Liﬁf;) with s > 4band t—s = 4A+8b4-2,
is as follows.

B 1,
BEs(Ly4t)) BEy(Piat))

where w is in the position (t — s,s) = (44 + 8b + 2,4b) and 2u corresponds
to z in homotopy. Since (pip)* induces zero morphism on H*(—;Zs3), we have
A(p(ig)(w)) > 4b+ 1. Putting pip(w) into J.(—), we see A(pig(w)) = 4b+ 1. Thus
(pio)«(w) must be z.

Consider (iii). Lemma 4.2 (iv) implies that igw is null in Jyayspra(Pists) but
not null in J4 A+8b+2(Pfff27 ). As before, each coextension z : S4A+8b+3—>Pfij58 of
ABs(p—1)13 : SATEITS GIAES will satisty O(z) = igw in J. (P4 ')). By Lemma
4.3, there exists a coextension z : SATST3 L pIUES of 430, 1) o with A(z) >
4(b — 1) + 3, hence A(0(x)) > 4b. Then 0(z) = iow follows from the chart
Eg’t(Pffjg) with s > 4b and t — s = 4A + 8b + 2 as given above. Here v is in
the position (¢t — s,s) = (44 + 8b + 2,4b), and corresponds to ipw when put into
Pl because A(igw) = 4b. O

The case v(4A + 80+ 4) > 3 in Lemma 6.4 is handled in the next lemma.
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Lemma 6.5. Let ig and w, z be as in Lemma 6.4.

(i) If 3<v(4A+8b+4) < 4b+ 1, then the composite

. Q4A+8b42 0w H4A+1 4A+8b+3
26 : S — Pyl =Py,

is null-homotopic.

(i) If 3 < v(4A +8b+4) < 4b+2, then z is null in m (Li5T5HS).

Proof. Part (i) is implied by Lemma 6.4 (ii) and Lemma 5.8. Consider (ii). Note
that z = pxg. If 3 < v(4A48b+4) < 4b+1, then z is null-homotopic in 7, (L {4 5073)

by

(i). If v(4A+8b+4) = 4b+ 2, let X = Agpy5, then A is stably trivial over

L83 and (ii) follows from an argument as in the proof of Lemma 6.2. |
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